
ANL-ART-167

Inelastic analysis procedure based on
the Grade 91 unified viscoplastic
constitutive model for ASME
implementation

Applied Materials Division



About Argonne National Laboratory
Argonne is a U.S. Department of Energy laboratory managed by UChicago Argonne, LLC
under contract DE-AC02-06CH11357. The Laboratory’s main facility is outside Chicago,
at 9700 South Cass Avenue, Argonne, Illinois 60439. For information about Argonne and
its pioneering science and technology programs, see www.anl.gov.

DOCUMENT AVAILABILITY

Online Access: U.S. Department of Energy (DOE) reports produced after 1991
and a growing number of pre-1991 documents are available free at OSTI.GOV
(http://www.osti.gov/), a service of the U.S. Dept. of Energy’s Office of Scientific and
Technical Information

Reports not in digital format may be purchased by the public from the
National Technical Information Service (NTIS):

U.S. Department of Commerce
National Technical Information Service
5301 Shawnee Rd
Alexandria, VA 22312
www.ntis.gov
Phone: (800) 553-NTIS (6847) or (703) 605-6000
Fax: (703) 605-6900
Email: orders@ntis.gov

Reports not in digital format are available to DOE and DOE contractors from the
Office of Scientific and Technical Information (OSTI)

U.S. Department of Energy
Office of Scientific and Technical Information
P.O. Box 62
Oak Ridge, TN 37831-0062
www.osti.gov
Phone: (865) 576-8401
Fax: (865) 576-5728
Email: reports@osti.gov

Disclaimer
This report was prepared as an account of work sponsored by an agency of the United States Government. Neither the
United States Government nor any agency thereof, nor UChicago Argonne, LLC, nor any of their employees or officers,
makes any warranty, express or implied, or assumes any legal liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process disclosed, or represents that its use would not infringe
privately owned rights. Reference herein to any specific commercial product, process, or service by trade name, trademark,
manufacturer, or otherwise, does not necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof. The views and opinions of document authors expressed herein do not
necessarily state or reflect those of the United States Government or any agency thereof, Argonne National Laboratory, or
UChicago Argonne, LLC.



ANL-ART-167

Inelastic analysis procedure based on
the Grade 91 unified viscoplastic
constitutive model for ASME
implementation

Applied Materials Division
Argonne National Laboratory

August 2019

Prepared by

M. C. Messner, Argonne National Laboratory
T.-L. Sham, Argonne National Laboratory





Inelastic analysis procedure based on the Grade 91 unified viscoplastic constitutive model for ASME
implementation
August 2019

Abstract

This report describes a design by inelastic analysis procedure for Grade 91 to be proposed
for incorporation in the ASME Boiler and Pressure Vessel Code. The package of proposed
additions includes guidance on inelastic modeling and a reference constitutive model for
Grade 91 to be used with the existing Section III, Division 5, Subsection HB, Subpart B
rules for design by inelastic analysis. The current Code specifies acceptance criteria for
design by inelastic analysis but does not provide an acceptable constitutive model for Grade
91 or any of the other Class A materials. The proposed Nonmandatory Appendix would
provide such a reference model, greatly easing the use of design by inelastic analysis. As
the inelastic methods produce significantly less overconservative designs than the design by
elastic analysis rules this proposed Code change could reduce the design and fabrication cost
of future high temperature reactors.
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1 Introduction

This report summarizes work on implementing, justifying, and putting into practice a de-
sign by inelastic analysis method for Grade 91 (9Cr-1Mo-V) steel. The ultimate goal is to
provide designers an ASME Boiler and Pressure Vessel Code approved way to design high
temperature, safety-critical Grade 91 reactor components using inelastic analysis. The basis
for the design method is the existing design by inelastic analysis provisions in Section III,
Division 5 Subsection HB, Subpart B Nonmandatory Appendix-T of the ASME Code. These
rules cover two deformation mechanisms: ratcheting strain accumulation and creep-fatigue
damage. The current rules assume the designer has access to an inelastic constitutive model
that accurately describes the high temperature cyclic deformation of the material. However,
the current Code does not provide such a material model for any of the materials, nor does
it provide guidance on how to construct such a model.

NRC is currently reviewing the 2017 edition of Division 5 for endorsement through a
Regulatory Guide. Future editions of Division 5 will be assessed by NRC so that applicable
new rules could be added in the Regulatory Guide. A Regulatory Guide provides guidance to
licensees and applicants on implementing specific parts of the NRC’s regulations, techniques
used by NRC in evaluating specific problems or postulated accidents, and data needed by
NRC in its review of applications for permits or licenses. Thus incorporation of inelastic
material models into Division 5, Subsection HB Subpart B and their subsequent endorsement
through their inclusion in the Regulatory Guide would promote regulatory efficiency on the
part of NRC and reduce regulatory uncertainty on the part of the licensees and applicants.
For this Division 5 endorsement pathway, the use of alternate inelastic material models would
require justifications by licensees and applicants and additional efforts by NRC to evaluate
the alternate approaches.

Previous DOE sponsored research developed a model for Grade 91 suitable for use with
the Code design by inelastic analysis provisions. This work was described in previous DOE
reports [1, 2] and a paper disseminating the model to the high temperature design commu-
nity [3]. The focus of work this year was on providing general guidance on how to construct
a suitable model and on laying the groundwork for incorporating the model into the Code.
Chapter 2 of this report discusses the development of such guidance and its planned imple-
mentation in the ASME Code.

After discussion with the ASME Section III Working Group on Inelastic Analysis Methods
a decision was reached to wait until a substantial portion of the guidance and reference
inelastic models were completed before submitting a ballot. The plan is to ballot a package
containing the general guidance, a model for Grade 91, and a model for 316H stainless steel.
Previous work completed the Grade 91 model, parallel work in a separate work package
is developing the 316H model, and this work represents the substantial completion of the
general guidance. A package will be assembled for ballot at an upcoming Code Week.
Consistent with the current design by elastic analysis rules in Nonmandatory Appendix T,
the guidelines and reference models will be included as a nonmandatory Appendix Z of
Section III, Division 5, Subsection HB, Subpart B. Appendix A of this report provides the
current draft guidance, which is discussed in detail in Chapter 2

Chapter 3 summarizes past work on the Grade 91 inelastic model and provides a summary
of the model development and validation process to support balloting the model to ASME
Code Committees. This Chapter will form the basis of a background document provided to
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ASME along with the proposed Code change. The Appendix reproduces the proposed ASME
Code language, while Chapter 3 provides background information on the model. Chapter 2
and 3 combined represent the completed Grade 91 inelastic design method.

The final chapter of the report summarizes the Grade 91 modeling work and describes
the remaining steps required to implement the model in the ASME Code.

ANL-ART-167 2
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2 Guidance on inelastic modeling

2.1 Background and requirements

As described in the introduction, the current ASME Boiler and Pressure Vessel Code provides
evaluation procedures for designing Class A high temperature reactor components using the
results of an inelastic stress analysis. The current Code provisions are acceptance criteria:
given the stress, strain, and time history of a given material point (or stress classification
line for the ratcheting rules) the criteria provide a series of pass or fail design checks covering
the Code ratcheting strain accumulation and creep-fatigue design criteria. Generating that
stress/strain/time history requires simulating the transient history of a component using a
suitable inelastic constitutive model. The current Code does not provide constitutive models
for the Class A materials nor does it provide guidance on how to construct such a model
from data. However, the typical data requirements to support the development of an inelastic
model are provided in the nonmandatory Appendix HBB-Y.

The current Code is circumspect about what criteria a suitable model should meet. HBB-
3212(b) states

For inelastic analysis required by Subsection HB, Subpart B, appropriate multi-
axial stress-strain relationships and associated flow rules shall be used to combine
multiaxial stresses and strains.

and HBB-3212(c) notes some special characteristics of the response of Grade 91 steel, notably
that it is strongly rate and temperature dependent and that the material exhibits cyclic
softening above 1000◦ F. The Code distinguishes a full inelastic analysis, which includes
creep, from a plastic analysis, which accounts only for time-independent plastic deformation,
in HBB-3213.23 and HBB-3213.24. HBB-3214.2 describes inelastic analysis in detail. It notes
that generally this sort of analysis will combine time independent plastic deformation with
time dependent creep deformation. It notes a list of material features that should be captured
by a model:

• Strain and cyclic hardening or softening

• Primary creep and creep strain hardening or softening

• The effect of creep on plasticity and vice-versa.

This provision requires that the selected inelastic models be described in the Design Report.
The provision also requires the designer to use average material properties in constructing
the model, with the exception of analysis to check the structure for buckling. Finally,
the provision again notes some of the special deformation characteristics of Grade 91 and
notes that adequately modeling these characteristics, in particular the material’s large rate
sensitivity at low temperatures, may require a unified viscoplastic model that treats creep
and plasticity as a single phenomenon. Both this provision and HBB-T-1121 note that for the
secondary load criteria inelastic analysis is actually the default method and that the various
simplified design by elastic analysis rules may be too conservative at certain locations. At
these locations a full inelastic analysis would be required to demonstrate the adequacy of
the design.
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The current ASME design by inelastic analysis provisions date to the Clinch River Breeder
Reactor Project (CRBRP) in the 1970s and early 1980s. The practice of inelastic analysis at
that time was summarized in a Welding Research Council (WRC) Bulletin [4]. A good por-
tion of the report deals with the development and implementation of the inelastic constitutive
models used in the CRBRP. These models are discussed in a subsequent section.

The report notes that the order and history of simulated transients affects the results of
the nonlinear analysis and contains guidelines for selecting a subset of the full plant history
to analyze. The suggestion is to replace all the different Level A, B, and C loading cycles
with a single worst-case representative cycle from each category, use a simplified method to
determine the most conservative ordering of the bounding cycles, and analyze the structure
with this bounding composite load cycle. The procedure allows extrapolating creep-fatigue
damage from a limited number of load cycle repetitions. These guidelines are aimed at reduc-
ing the computational effort, and hence, time required for the analysis. Perhaps surprisingly,
the suggestions are still relevant today as the fundamental computational issue has not been
addressed – time integration cannot be parallelized. That said, modern computational ca-
pabilities vastly exceed those available to the CRBRP and so such aggressive load cycling
coarsening is no longer required. In addition, the guidance provided on coarsening the spatial
discretization of FE models is no longer relevant as parallel computing can rapidly solve FE
problems over fine meshes.

An additional chapter of the WRC report summarizes the capabilities of then-current
FE solvers. The description is entirely outdated, though interestingly two of the solvers
discussed in the report, Abaqus and ANSYS, are still the dominate commercial analysis
packages today. The remaining chapters describe in detail two inelastic calculations used in
the CRBRP: the design of the Intermediate Heat Exchanger primary sodium inlet nozzle
and the piping design of the Primary Heat Transport System. The examples provide some
guidance in historical practice in simplifying the component geometry and transient history
and executing the Code rules, but they take the constitutive model as specified and so do
not provide guidance on model development.

2.2 Past constitutive models

Past DOE work during the CRBRP developed constitutive models for 2.25Cr-1Mo and 304H
stainless steel. These models were considered, at the time, sufficient for use with the Code
design by inelastic provisions so it is worthwhile to look at the form of these previous models.
The historical development of these model is well-documented in the literature [5, 6, 7, 8, 9]
and so this summary focuses on the common details of the models. Of interest, the CRBRP
models for 304H and 316H stainless steels, often referred to as the Oak Ridge National
Laboratory (ORNL) models, remain implemented in current versions of Abaqus [10].

The models use non-unified forms that additively decompose strain into contributions
from elastic deformation, rate independent plastic deformation, time dependent creep defor-
mation, and thermal strain

ε = εe + εp + εc + εT . (2.1)

The elastic model is standard linear elasticity with temperature dependent modulii. The
plasticity model uses classical rate independent J2 flow theory with linear kinematic harden-
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ing and a temperature dependent definition of yield stress and kinematic hardening modulus.
The creep models uses J2 flow theory and several options were provided for the creep rate
model including power law, exponential, and rational polynomial forms.

Several ad hoc modifications to account for interactions were superimposed on top of
this base model. The first modification was a change in the kinematic hardening parameters
at the 10th load cycle. This change reflects experimentally-observed shifts in the materials’
short- and long-term cyclic hardening responses. In modern models [11] multiple backstress
terms would be used to capture these shifts, but the 10 cycle procedure captures the effect
while maintaining only a single backstress.

The second modification is the so-called α-reset procedure, thus called because the model
theory uses the symbol α to denote the backstress. This modification was required because
linear kinematic hardening developed far too large of a backstress causing, for example, a high
mean stress in simulations of thermal ratcheting tests, contrary to the available experimental
data. This process reduces the value of the backstress during elastic unloading (i.e. during
load reversals in cyclic tests) using an ad hoc rule. A final modification is the β-option which
couples prior plastic deformation to strain hardening during creep again using an ad-hoc rule.

All of these modifications have been obviated by more modern techniques. However,
the focus in the CRBRP models on capturing the interaction of creep and plasticity clearly
indicates the importance of handling this interaction in any constitutive model used to
execute a Section III design by inelastic analysis [12].

2.3 Proposed guidance

A set of guidelines were developed based on these historical practices and current best
practices for design by inelastic analysis. Appendix A reproduces the current draft of this
guidance in full. The guidance, along with Grade 91 and 316H material models, will be
balloted as a Code change proposal to add the information as a Nonmandatory Appendix
to Section III, Division 5, Subsection HB, Subpart B of the ASME Code. By making the
guidance and models nonmandatory this approach preserves the current option of allowing
the Owner/Operator or designer to select their own material model while still providing
better guidance and specific models so that a designer can pick up the Code and immediately
begin a design by inelastic analysis. The following sections discuss the proposed guidance
point by point.

2.3.1 Objective, requirements, and specification

The proposed Appendix provides guidance on developing inelastic constitutive models and
particular models for the Class A materials. The appendix is nonmandatory and refers to
the base Code requirements for inelastic analysis contained in Section III, Division 5 HBB-
3214.2.

2.3.2 General guidance on modeling

The general goal of a constitutive model is to accurately characterize the average response of
a material to time-dependent, cyclic, thermomechanical load. In particular, it must represent
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time-independent cyclic plasticity, primary creep, the effect of creep on plasticity, and the
effect of plasticity on creep.

The model must be valid over the temperature ranges experienced by the component in
service. Depending on the specified Service Loadings the temperature may descend below
the elevated temperature threshold temperatures specified in HAA-1130-1. Even though the
design in that low temperature range is not covered by Subsection HB, Subpart B of the
Code, the material model must be valid at those low temperatures and the design analysis
must include that portion of the loading. The reason is that plasticity in this low temperature
excursion may affect both subsequent high temperature plasticity through strain hardening
or softening as well as subsequent creep deformation.

The model must account for the rate sensitivity of the material throughout the expected
strain rates experienced by the component in service. These strain rates will not be known
a priori. Typical strain rates during hold periods of near-constant loading will be less than
10−6 s−1 while strain rates during transients may exceed 10−4 s−1. The model response must
vary smoothly with temperature and rate. Therefore, the model must specify some tem-
perature interpolation scheme and not simply a sequences of parameter definitions at fixed
temperatures.

2.3.3 Key features

The proposed HBB-Z-1212 describes material features that all models must capture. These
aspects of modeling generally apply to all the Class A materials.

2.3.3.1 Cyclic response

The key experimental data the model must capture is the stress/strain/time hysteresis of
a material undergoing some period load intermixed with hold periods at constant load.
The model should be able to accurately represent this response for either stress or strain
controlled loading or for mixed loading conditions, i.e. elastic follow up. The experimental
data is typically supplied using strain-controlled cyclic tests, i.e. creep-fatigue tests, or
stress-controlled cyclic tests, i.e. ratcheting tests.

2.3.3.2 Batch variation

As described in Subsection HB, Subpart B, the inelastic constitutive model should represent
the average material response. By default, this means the model should represent the average
response of all material meeting the material specifications described in Table HBB-I-14.1(a).
In general, the variability in material properties can be quite large (c.f. Figure, plotting the
yield stress of Grade 91 for many heats of material). However, if the designer can demonstrate
that the component will be constructed by material with reduced variability and a different
average response then they are free to factor that into the constitutive model. The acceptable
models provided in the Appendix reflect the average properties of the material, including all
historical heats.
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Figure 2.1: Scatter in measured Grade 91 yield stress as a function of temperature, provided
to indicate the amount of heat-to-heat material variability expected for the Class A material
properties. Scatter in fatigue, creep, and creep-fatigue data is even greater.

2.3.3.3 Accumulated damage

Amaterial model for Code use does not need to represent the degradation caused by cracking,
void growth, and other deterioration mechanisms. Damage is tracked separately in the
course of the Code design and acceptance calculations and so to include damage effects in
the constitutive model would be double-counting the effects of damage. However, there
are exceptions to this general principle. Cyclic or strain softening caused by dislocation
recovery and microstructural evolution should be captured in the model as these mechanisms
represent changes in the material deformation and not the accumulation of unrecoverable
damage. Grade 91 is a prime example of a material that exhibits these mechanisms [13].

For the purposes of ratcheting strain accumulation the model should capture tertiary
creep which is often caused by damage mechanisms. The model must account for the accel-
eration in the creep rate in order to accurately characterize the final, accumulated inelastic
strain in the material which is the acceptance criteria provided in the Code. For this purpose
the model might incorporate a creep damage model.

This guidance could lead to the construction of two inelastic models: one used for creep-
fatigue evaluation that does not include damage mechanism and one for ratcheting strain
evaluation that includes the damage mechanisms causing tertiary creep. Defining two models
in this manner is acceptable. However, it is conservative to use a single model accounting
for tertiary creep for both the Code deformation and damage checks.

2.3.3.4 Coupled creep-plasticity

As noted above, it is crucial the model capture the interaction of prior plasticity on creep and
prior creep on plasticity. As noted above, historically these interactions were captured using
ad hoc models interfacing between traditional rate independent plasticity and rate dependent
creep models. A more modern approach is a unified viscoplastic model, which treats creep
and plasticity with a single model [14, 15, 11]. While not required, such models can be used
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to represent creep-plasticity interaction. However, at sufficiently high temperatures creep
and plasticity are indistinguishable deformation mechanisms and so a unified viscoplastic
approach is required. The draft guidance provides temperatures for each of the Class A
materials above which creep and plasticity become indistinguishable. These temperatures
are based on past DOE sponsored work [16, 17].

2.3.3.5 Stress multiaxiality

The vast majority of experimental test data is gathered for uniaxial tension or compression
loading. However, the stress state in actual components is multiaxial. The constitutive
model must extend the uniaxial dataset to multiaxial loading. Typically this will be done
through standard theories, i.e. J2 flow theory, but the results of applying these standard
theories should ideally be validated.

2.3.4 Validation

Uniaxial cyclic tests, with and without holds, under strain and stress control, and at a variety
of temperatures are the most straightforward means of experimental validation. However,
the available cyclic test data typically uses short hold periods, much shorter than the actual
holds at constant load in service. Therefore, the model should additionally be validated
against long-term creep and stress relaxation test data.

Recognizing that multiaxial test data is scarce the recommendation is to extend the
uniaxial data using standard flow theories and then validate the results against multiaxial
tests. This might be a cyclic tension-torsion test or some form of pressurized tube test.

2.3.5 Specific material issues

This section summarizes model development and validation issues specific to particular ma-
terials. The current draft includes a subsection for each of the Class A materials to permit
future expansion but currently the draft only has notes for two materials.

2.3.5.1 2.25Cr-1Mo

2.25Cr-1Mo softens under cyclic load under some loading and temperature conditions within
the scope of Division 5. A constitutive model must account for this softening.

2.3.5.2 Grade 91

This subsection reiterates the notes on Grade 91 already described in the base Code: Grade
91 shows both work and cyclic softening and shows rate sensitivity at very low temperatures.
The constitutive model must capture these effects.
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3 Grade 91 inelastic model

This chapter describes the final Grade 91 inelastic modeling proposed for incorporation into
the new Appendix Z. Full details of the dataset, model development, and model calibration
are found in past work [1, 3, 2]. This report summarizes the final model and describes the
model features and validation process in reference to the guidance described in the previous
chapter. Appendix A of this report contains a full mathematical description of the model
and lists the model parameters in the form of a revision to the ASME Boiler and Pressure
Vessel Code. This chapter will form the basis of the background document provided along
with the proposed code change.

3.1 Model features

3.1.1 Model form

The model uses a Chaboche isotropic and kinematic hardening model to capture the details of
cyclic plasticity in Grade 91. This model was developed specifically to capture complicated
cyclic plasticity response and has been validated to work effectively for a large variety of
materials [18, 19, 20, 21, 22, 23, 24, 11]. Because Grade 91 shows cyclic and work softening
behavior the standard Voce isotropic hardening model is reversed to provide temperature-
dependent isotropic softening.

Grade 91 exhibits an unusual cyclic behavior called anomalous ratcheting [25]. Under
fully-reversed stress controlled loading the material will ratchet by accumulating significant
tensile strain. This behavior implies tension/compression asymmetry, which should be cap-
tured by the constitutive model. The final model uses a non-J2 flow theory to account for
this asymmetry [26].

The model captures the accelerating creep rate in tertiary creep with a combination
of this isotropic softening and the static recovery terms of the complete Chaboche model.
Both features tend to reduce the value of the flow stress for long hold times, increasing the
resulting creep rate. No attempt was made to capture the final stages of tertiary creep,
where void growth mechanisms produce a significantly accelerated creep rate. The rational
for this decision is outlined in the previous section on model development guidelines.

As noted by the current version of Section III, Division 5, Subsection HB, Subpart B
Grade 91 demonstrates a rate sensitive plastic response at relatively low temperatures. In
the rate sensitive regime creep and plasticity are essentially indistinguishable. The model
captures this effect, and the general interaction of creep and plasticity, using a unified vis-
coplastic flow rule. However, to capture the model response at lower temperatures the model
switches to a rate independent response. A new theory was developed to determine whether
at a given temperature and strain rate the model should use a rate independent or rate
dependent update. The new theory is based on Kocks-Mecking kinetics [27, 28] that unify
temperature and strain rate into a single normalized activation energy. This activation en-
ergy can be used to both determine whether a rate dependent or rate independent update
should be applied as well as to determine the temperature and rate dependent values of the
yield stress, rate sensitivity exponent, and flow viscosity.

The model uses standard flow theory to convert from a uniaxial to a multiaxial response.
This is one of the primary weaknesses of the current model as there is essentially no validation
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Source Test types
Asayama and Tachibana[29] Creep, stress relaxation
Choudhary and Isaac Samuel [30] Creep
Kim and Weertman [13] Monotonic, cyclic
Kimura, Kushima, and Sawada[31] Creep
Koo, Lee, and Kwon [32, 33] Cyclic, stress relaxation
Latha et al. [34] Monotonic, creep
Maruyama et al. [35] Creep
Swindeman [36] Monotonic
Yaguchi and Takahashi [37, 25, 26] Monotonic, stress relaxation, cyclic
Zhang and Aktaa [38] Cyclic
DOE historical data All types of experiments

Table 3.1: Summary of data sources for Grade 91 steel.

data to support or refute this assumption.

3.1.2 Calibration process

In order to capture the average response of all historical Grade 91 material the model was
calibrated to a large experimental data set gathered from past DOE sponsored research, a
literature survey, and international databases. Table 3.1 summarizes the type and sources
of test data.

The model was calibrated to this data using genetic algorithm optimization. The general
approach was to simulate each test and collate the simulation data in the same manner as the
test data. For example, for creep tests the result would be a simulated and an experimentally-
measured creep curve. The integrated difference between the two curves, normalized by the
maximum value, provided the measure of similarity used in the optimization algorithm. This
processes was repeated for each test in the database and the results summed to form a global
goodness-of-fit metric. Different test types were given different weights in forming the final
objective function. Originally, these weights were set to 1/ntype where ntype is the number of
tests of a given category, for example the number of creep tests. Later these weights were
tweaked based on engineering judgment of which types of test data were more important.
These tweaks prioritized cyclic data over long term monotonic testing.

This process was applied to the totality of the data at all temperatures simultaneously.
Several temperature control points, shown in the parameter table in Appendix A, were
selected and the parameters interpolated linearly or log-linearly between those points. This
method of fitting assess the complete, temperature dependent model against the data, rather
than looking at just one temperature at a time. The overall approach was designed to ensure
the final model represents the average behavior of all the tested Grade 91 material.

3.2 Model validation

Detailed validation of the model was described in the past reports. The model was vali-
dated against specialized tests not included in the original fit database including standard

ANL-ART-167 10
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Figure 3.1: Comparison between the ASME Code design values of yield and ultimate stress
and the corresponding model predictions.

thermomechanical cyclic tests to assess the model response to non-isothermal loads. A val-
idation of the model against non-uniaxial load was not completed as no such experiment
could be identified for Grade 91. This section focuses on comparisons to ASME Code data
that demonstrate that the model captures the average material response as indicated by the
Code as well as summarizing a few of the important validation tests from previous work.

The ASME Code provides design values of yield strength (Sy) and ultimate strength (Su)
as a function of temperature. The design yield strength is a shift to the actual temperature
dependent yield stress data to align the room temperature value with the minimum specified
yield stress. An approximate way to undo that shift is to multiply the values of Sy by 1.25.
The design values of ultimate stress are close to average properties. Figure 3.1 compares
the yield and ultimate stresses from the ASME Code to those generated from the model.
The corresponding simulations were run at the ASTM E-21 strain rate of 8.33 × 10−5 s−1.
Except for the ultimate tensile stress near room temperature, where the flow curves used
to calibrate the model to data do not extend to the ultimate tensile stress, the model and
ASME Code values are in good agreement. The discrepancy in the yield stress between 400◦

and 525◦ C is the model moving towards the upper-shelf value of yield stress to capture the
available full tensile curves in this temperature range. Figure 3.2 shows the model is still
well within the experimental scatter in yield stress.

The ASME Code provides a model for uniaxial deformation for Grade 91 in the form of
isochronous stress-strain curves. These curves are generated from a standard, non-unified
elastic + rate-independent plasticity + creep model developed in [39]. This model can be used
to generate synthetic creep tests for comparison to the viscoplastic model. The ASME model
and the full viscoplastic model describe here will not exactly coincide as the unified model
attempts to capture both monotonic and cyclic data, whereas the ASME model only captures
monotonic load. The additional data considered over the single batch used to calibrate the
ASME model also affects the final model calibration. However, good agreement between the
ASME model and the viscoplastic model implies the new model is capturing the average
material response as described in the current Code.
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Figure 3.2: The model prediction for yield stress compared to the experimental data.

Figure 3.3a-f compares creep curves generated with the ASME model for deformation to
the corresponding model predictions. These plots were generated for temperatures within the
scope of Section III, Division 5, Subsection HB, Subpart B and therefore in the creep regime.
Each plot represents one temperature. The stresses for each plot are selected to be σy/4,
σy/2 and 3σy/4 to avoid exceeding the material’s ultimate stress at the higher temperatures.
The creep deformation is limited to 2% strain as that is the range of applicability using the
ASME design provisions. For the low temperature, low stress cases where the creep rate is
very small, the total creep time is limited to 50,000 hours and the material will not exceed
2% creep strain even in that period. The loading rate is not a parameter of the ASME model,
but is a parameter for the viscoplastic model. This information is not commonly measured
or recorded for creep tests and so a loading rate of 1MPa/s was assumed. At temperature
below 500◦ C there is substantial disagreement between the ASME and viscoplastic model.
In this regime there is no data – both models are extrapolating creep test data from high
temperatures to lower temperatures. Creep strain rates at realistic component stresses will
be very small in this temperature regime and the time spent in this regime for current
reactor concepts will be small. At temperatures above 500◦ C the models agree well within
the scatter in the available creep test data.

Unfortunately, the ASME Code does not provide a description of material deformation
under cyclic load. A direct comparison to the cyclic data, summarized in past reports,
validates the model against the available creep-fatigue (strain-controlled) and ratcheting
(stress-controlled) data. As validation several tests were withheld from the fitting database
and used to assess the calibrated model’s cyclic response. Figure 3.4 provides an example
of this validation comparing the model and experiment stress-strain hysteresis data. In the
experimental data the load cell did not read zero at the start of the test. The data was
shifted by a constant offset to start at zero. Similarly, the ASME Code data does provide a
method for validating the non-isothermal response of the model. The past reports validate
the model against standard ASTM thermomechanical cyclic tests.
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Figure 3.3: Comparison between the simple deformation model underlying the ASME
isochronous curves and the full viscoplastic model on simulated creep tests. Curves not
visible fall off the plot exhibit negligible creep.
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Figure 3.4: Example validation cyclic test. Test conditions are a 1% strain range, fully-
reversed loading, T = 550◦ C, and a 100 minute hold on the tensile end of the cycle.
Experimental data is plotted in blue, model is plotted in orange.

3.3 Verifying implementations of the model

The formal definition of the model will be the Code definition of the mathematical model
and parameters. Designers will then need to implement these mathematical relations in their
finite element software by choosing an appropriate time integration scheme and programming
the model. Such implementations will need to be verified. One option is to use the implemen-
tation provided by the report authors (https://github.com/Argonne-National-Laboratory/
neml) to verify their implementation. Another option is to provide tabulated results that
can be used to quickly check a particular implementation.

The model spans from room temperature to 650◦ C and is notionally valid for a wide
range of strain rates. A relatively simple uniaxial cyclic simulation can be devised to test
all the model features simultaneously. Figure 3.5 plots a particular set of strain-controlled
cyclic input to the constitutive model by showing a single cycle of strain versus time and
temperature versus time data. These plots are not to scale and that all transients are
linear in time. Figure 3.6 then shows the resulting stress/strain and stress/time hysteresis
data generated by running the model on this input. Table 3.2 tabulates the maximum and
minimum stress in each cycle out to 5 repetitions and Figure 3.7 plots the same data. This
table can be used to quickly verify a model implementation by running the load history
defined in Figure 3.5 and comparing the results to the tabulated data. The simulation must
include the appropriate thermal strains using the coefficient of thermal expansion in the
model definition. In other words, the strain history defined in Figure 3.5 is showing total
strain, not mechanical strain.
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Figure 3.5: Verification cycle definition. Note the plots are not to scale and the total cycle
period totals 375 hours. The validation test requires repeating this cycle 500 times.
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Figure 3.6: Results from the verification cycle plotted as a stress/mechanical strain hysteresis
(a) and a stress/time history (b).
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Figure 3.7: Maximum and minimum stress as a function of cycle count.

Cycle Minimum stress (MPa) Maximum stress (MPa)
1 -412.1 605.6
2 -279.2 635.3
3 -274.4 629.7
4 -269.9 624.6
5 -265.7 619.8

Table 3.2: Verification data: maximum and minimum stress over each cycle for the first five
repetitions of the load.
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4 Conclusions

This report describes a complete design by inelastic analysis method for Grade 91 steel
proposed for incorporation into the ASME Boiler and Pressure Vessel Code Section III,
Division 5, Subsection HB, Subpart B. The methodology contains guidance on inelastic
modeling and a particular constitutive model for Grade 91 to be used with the existing
ASME rules for design by inelastic analysis. Appendix A reproduces the draft Code language
in full and this report will serve as the basis for a background document provided to ASME
for balloting.

As discussed above, the proposed appendix will be balloted on the completion of both
this work, represented by this report, and the development of a proposed inelastic model for
316H stainless steel under a separate work package. Completion of that model is expected
by August 2019. Subsequently, the Code proposal will be balloted to the relevant Section
III Codes and Standards committees starting with the Working Group on Inelastic Analysis
Methods. This ballot will serve as a prototype for developing a process for balloting models
for the remaining Class A materials.
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A Current draft Appendix HBB-Z

The following text is the current draft Appendix HBB-Z on inelastic modeling produced for
discussion in the ASME Boiler and Pressure Vessel Code committees.
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NONMANDATORY APPENDIX HBB-Z 
GUIDANCE ON MATERIAL MODELS FOR DESIGN BY INELASTIC 

ANALYSIS 
 
HBB-Z-1100 INTRODUCTION 
 
HBB-Z-1110 OBJECTIVE 
 
The purpose of this nonmandatory appendix is to provide guidance on material models used for the design by inelastic 
analysis provisions of Section III, Division 5, Subsection HB, Subpart B (HBB), Nonmandatory Appendix HBB-T.  
Such models are used to analyze the component when designing against ratcheting strain accumulation (HBB-T-1200) 
and creep-fatigue damage (HBB-T-1400).  This appendix provides general guidance on developing a material model 
adequate for use with Appendix HBB-T (HBB-Z-1200) along with a specific set of material models for the Class A 
materials deemed suitable for use with the Appendix HBB-T methods (HBB-Z-1300). 
 
HBB-Z-1120 HBB REQUIREMENTS 
 
HBB-3214.2 provides the requirements for inelastic analysis.  This appendix expands upon the basic requirements 
described in HBB-3214.2. 
 
HBB-Z-1130 SPECIFICATION OF AN INELASTIC MODEL 
 
The guidance given in HBB-Z-1200 provides a general set of criteria to consider when developing or specifying an 
inelastic material model.  The models described in HBB-Z-1300 are considered acceptable for use with the Appendix 
HBB-T design by inelastic analysis methods.  Alternate inelastic material models can be used with justification in the 
Design Report per HBB-3214.2. 

 
HBB-Z-1200 GUIDANCE ON CONSTRUCTING A MATERIAL MODEL 
 
HBB-Z-1210 GENERAL GUIDANCE 
 
As described in HBB-3214.2, an inelastic material model must represent the response of the material to time 
dependent, thermomechanical load.  The material model must represent cyclic hardening or softening, as appropriate, 
primary creep, the effect of prior creep on subsequent plastic deformation, and the effect of prior plasticity on 
subsequent creep.  The guidance in HBB-1210 applies to all materials, HBB-Z-1220 provides guidance for specific 
materials. 
 
HBB-Z-1211 VALIDITY OF THE MATERIAL MODEL 
 
The material model should be validated across the entire temperature range experienced by the component for all 
Level A, Level B, and Level C Service Loadings.  If the material model is to be used to evaluate service conditions 
after Level D loading it must also be validated to cover these conditions.  The material model must be validated for 
the strain rates experienced by the component in service.  These strain rates cannot be determined prior to the 
development of the inelastic material model and so the designer should check the design analysis for all Service 
Loadings to verify the material model remains within the validated range of strain rates.  A typical component will 
experience very slow strain rates during hold conditions, typically less than 10−6s−1 and will experience much faster 
strain rates during loading. 
 
The Service Loadings may cause portions of the component to descend below the 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 temperatures given by Table 
HAA-1130-1.  If so, the material model must accurately represent plastic deformation down to the lowest temperature 
experienced by the component in service.  Below 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 the component will not accumulate creep deformation or 
damage but may accumulate plastic strain causing additional fatigue damage and ratcheting strain accumulation.  
Furthermore, the inelastic material model must ensure continuity into the low temperature regime in order to execute 
the required design analysis. 
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HBB-Z-1212 KEY FEATURES TO REPRESENT 
 
HBB-Z-1212.1 CYCLIC RESPONSE 
 
The design by inelastic analysis methods require an accurate representation of the material’s response under cyclic 
thermomechanical loading.  Considering a single material point, the model must accurately represent the cyclic 
temperature-stress-strain-time hysteresis undergone by a point under the loading provided by the surrounding material.  
In general, this loading is neither fully strain nor stress controlled but rather some mix of both, exemplified by a load 
including elastic follow up.  A suitable inelastic constitutive model should therefore capture this hysteretic response 
for general thermomechanical cyclic load with the most important features being the strain range, the stress relaxation 
profile during any holds in the loading, and the accumulated ratcheting strain. 
 
HBB-Z-1212.2 MATERIAL BATCH VARIATION 
 
By default, a material model should capture the average response of all available heats of the particular Class A 
material.  Even for material falling within the material specifications and the additional restrictions given in HBB-
2000 there can be a wide range of material properties causing cyclic responses that differ greatly across multiple heats 
of material.  The procedure used to develop the material model must account for this variability and represent the 
average behavior of all acceptable material. 
 
HBB-Z-1212.3 ACCUMULATED DAMAGE 
 
The material model must account for the interaction of creep and plasticity, including cyclic softening effects.  
However, some softening effects are caused by the development of damage in the material affecting its elastic 
properties.  For example, during prolonged creep cavitation processes will open voids in the material leading to a loss 
of material strength and eventual failure. 
 
For evaluating creep-fatigue damage (HBB-T-1400) the inelastic material model need not account for softening caused 
by development of damage in a material.  It must however account for all other material softening mechanisms, for 
example those caused by rearrangements of the material’s dislocation or grain structure.  The rational is the Appendix 
HBB-T procedure for creep-fatigue design by inelastic analysis explicitly and separately accounts for the accumulation 
of damage in the material using the Code rules.  As such, representing damage development in the inelastic material 
model double counts damage and may lead to an over conservative design.  This means, for example, that an inelastic  
material model used to assess creep-fatigue damage using the Appendix HBB-T provisions need not represent tertiary 
creep. 
 
However, an inelastic material model used for checking for strain accumulating using HBB-T-1200 must represent 
the development of damage in the material.  Damage will tend to accelerate cyclic strain accumulation and so a model 
must represent the development of damage in order to accurately simulate ratcheting strain accumulation. 
 
This means that two inelastic material models for a given material could be specified or developed: one for creep-
fatigue damage and one for ratcheting strain accumulation.  It is however conservative to use a single material model, 
representing damage accumulation, for both the ratcheting strain and creep-fatigue design checks.  The models 
provided in HBB-Z-1300 are of this type. 
 
HBB-Z-1212.4 COUPLED CREEP-PLASTICITY 
 
A material model must account for the interaction of creep and plasticity in the material.  At the very least, this implies 
a non-unified material model representing inelastic deformation through a combination of a rate independent plastic 
strain added to a rate dependent creep strain and must include a mechanism for the creep model to affect the plasticity 
model and vice-versa. 
 
At sufficiently high temperatures creep and plasticity are inherently coupled and cannot be distinguished.  Table HBB-
Z-1212.4-1 provides guidance on this temperature threshold for the Class A materials.  Above this threshold 
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temperature non-unified, additive material models are unsuitable and the material model should have a unified 
viscoplastic formulation. 
 

 
 
HBB-Z-1212.5 STRESS MULTIAXIALITY 
 
Actual components experience multiaxial stress states, while material model forms are commonly developed from 
uniaxial test data.  However, an adequate material model must accurately represent the effect of multiaxial stress states 
on material deformation and documentation. 
 
HBB-Z-1213 MODEL VALIDATION 
 
HBB-Z-1212 enumerates the key features a model must capture.  Generally, a model can be validated by comparison 
to cyclic tests that include hold periods and creep test data.  Cyclic tests best represent the actual loading a component 
will see in service.  However, actual material points in components experience neither pure load nor pure displacement 
controlled loading.  Therefore, a model should be validated against both stress- and strain-controlled cyclic test data 
which are bounding cases for the loading actually experience in service.  Generally, long-term holds out to realistic 
component hold times are infeasible in cyclic tests.  Therefore, a model should also be validated against long-term 
creep test data in order to validate its response for realistic creep and stress-relaxation periods.  These validation tests 
should span the required temperature and strain rate range, as described in HBB-Z-1211. 
 
A model should also be validated against a test with a non-uniaxial stress state in order to assess the assumptions used 
to generalize 1D uniaxial test data into a 3D material model. 
 
Actual components experience non-isothermal loading.  Materials may have a temperature rate effect that cannot be 
sampled using a series of isothermal tests at different temperatures.  As such, a material model should be validated 
against non-isothermal experiments, for example standard thermomechanical tests, spanning the temperature range 
outlined in HBB-Z-1211. 
 
HBB-Z-1220 SPECIFIC MATERIAL ISSUES 
 
HBB-Z-1221 304 SS 
 
There are no specific material issues to be aware of for 304 SS. 
 
HBB-Z-1222 316 SS 
 
There are no specific material issues to be aware of  for 316 SS. 
 
HBB-Z-1223 Ni-Fe-Cr (Alloy 800H) 
 
There are no specific material issues to be aware of for Ni-Fe-Cr (Alloy 800H). 
 
HBB-Z-1224 2¼Cr-1Mo 
 
2¼Cr-1Mo exhibits cyclic softening within the temperature range covered by Subpart HBB.  A suitable inelastic 
model must account for this softening. 

Table HBB-Z-1212.4-1 
 

Material Threshold temperature, °F (°C) 
304 SS 1160 (625) 
316 SS 1180 (640) 
Ni-Fe-Cr (Alloy 800H) 1300 (710) 
2¼Cr-1Mo 1020 (550) 
9Cr-1Mo-V 840 (450) 
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HBB-Z-1225 9Cr-1Mo-V 
 
As described in HBB-3214.2, 9Cr-1Mo-V undergoes cyclic softening at relatively low temperatures and a non-unified 
material model of creep-plasticity does not adequately capture the material’s inelastic response.  Table HBB-Z-1212.4-
1 reflects coupling between creep and plasticity with a very low value of the threshold temperature. 

 
HBB-Z-1300 ACCEPTABLE MATERIAL MODELS 
 
HBB-Z-1310 INTRODUCTION 
 
Designers may use the reference material models described in HBB-Z-1300 for the inelastic stress analysis required 
for fulfilling the Section III, Division 5, Subsection HB, Subpart B, Nonmandatory Appendix HBB-T design by 
inelastic analysis provisions.  
 
HBB-Z-1320 MATERIAL MODELS 
 
HBB-Z-1321 304 SS 
 
The material model for 304 SS is under preparation. 
 
HBB-Z-1322 316 SS 
 
The material model for 316 SS is under preparation. 
 
HBB-Z-1323 Ni-Fe-Cr (Alloy 800H) 
 
The material model for Ni-Fe-Cr (Alloy 800H) is under preparation. 
 
HBB-Z-1324 2¼Cr-1Mo 
 
The material model for 2¼Cr-1Mo is under preparation. 
 
HBB-Z-1325 9Cr-1Mo-V 
 
The reference model for 9Cr-1Mo-V is defined by the following equations in rate form.  The implementation of the 
model will require selecting an appropriate numerical time integration scheme.  Table HBB-Z-1325-1 lists the notation 
used in HBB-Z-1325.  Variables indicated by “rate” in the “Type” column comprise the rate-form definition of the 
model.  Variables indicated by “history” in the “Type” column are internal history variables maintained by the model.  
Variables indicated by “parameter” in the “Type” column are model parameters, defined in Tables HBB-Z-1325-2 
and HBB-Z-1325-3.  Variables indicated by “descriptive” in the “Type” column are neither model parameters nor 
history variables and are used in the model exposition. 
 

Inelastic analysis procedure based on the Grade 91 unified viscoplastic constitutive model for ASME
implementation
August 2019

ANL-ART-167 23



5 
 

 
 
 
This material model uses metric units with temperature in Celsius and the definition here assumes a small strain 
constitutive response.  The following definition of the stress rate and the rate of each history variable fully defines the 
material model.  An implementation then numerically integrates the rate form definition.  The material model as 
presented here is given in strain-space, where the input is the strain, strain rate, temperature, and temperature rate and 
the output is the stress rate.  All logarithms in the subsequent definitions are natural logarithms. 
 
The material model is defined by the rate equations: 

�̇�𝝈 = 𝑪𝑪: ��̇�𝜺 − �̇�𝜺𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝛼𝛼�̇�𝑇𝑰𝑰� 
�̇�𝜎1 = 𝛿𝛿(𝜎𝜎1 − 𝑄𝑄)�̇�𝛾 

�̇�𝒙1 = �
2
3
𝐶𝐶1
𝜕𝜕𝜕𝜕
𝜕𝜕𝝈𝝈

− �2
3
𝛾𝛾1𝒙𝒙1� �̇�𝛾 − 𝑆𝑆1�

3
2
‖𝒙𝒙1‖𝑖𝑖1−1𝒙𝒙1 

Table HBB-Z-1325-1 
 

Variable Units Description Type 
𝝈𝝈 MPa Stress descriptive 
�̇�𝝈 MPa/s Stress rate rate 
�̇�𝜺 1/s Strain rate descriptive 
𝑇𝑇 °C Temperature descriptive 
�̇�𝑇 °C/s Temperature rate descriptive 
𝐸𝐸 MPa Young’s modulus parameter 
𝜈𝜈 - Poisson’s ratio parameter 
𝑪𝑪 MPa Elasticity tensor descriptive 
𝛼𝛼 1/°C Coefficient of thermal expansion parameter 
𝑰𝑰 - Identity tensor descriptive 

�̇�𝜺𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  1/s Inelastic strain rate descriptive 
𝑘𝑘 mJ/°C Boltzmann constant parameter 
𝜇𝜇 MPa Shear modulus descriptive  
𝜀𝜀0̇ 1/s Reference strain rate parameter  
𝜀𝜀�̇�𝑖𝑒𝑒𝑒𝑒 1/s Effective strain rate descriptive  
𝑏𝑏 mm Burgers vector parameter 
𝑔𝑔 - Kocks-Mecking parameter descriptive 
𝑔𝑔0 - Rate dependent/independent transition parameter 
𝐴𝐴 - Rate sensitivity slope parameter 
𝐵𝐵 - Rate sensitivity intercept parameter 
𝐶𝐶 - Rate independent flow strength parameter 
�̇�𝜺𝑟𝑟𝑖𝑖 1/s Rate independent inelastic rate descriptive 
�̇�𝜺𝑟𝑟𝑑𝑑  1/s Rate dependent inelastic rate descriptive 
𝜕𝜕 MPa Yield and flow function descriptive 
�̇�𝛾 1/s Plastic multiplier descriptive 
𝑛𝑛 - Rate sensitivity exponent descriptive 
𝜂𝜂 MPa/s1/n Viscoplastic fluidity descriptive 
𝜎𝜎0 MPa Threshold stress descriptive 
𝜎𝜎1 MPa Isotropic hardening descriptive 
𝒙𝒙 MPa Kinematic hardening descriptive 
�̇�𝜎1 MPa/s Isotropic hardening rate rate 
𝛿𝛿 - Voce parameter parameter 
𝑄𝑄 MPa Voce saturation stress parameter 
𝒙𝒙1 MPa First backstress descriptive 
�̇�𝒙1 MPa/s First backstress rate rate 
𝒙𝒙2 MPa Second backstress descriptive 
�̇�𝒙2 MPa Second backstress rate rate 
𝐶𝐶1 MPa First Chaboche hardening parameter parameter 
𝛾𝛾1 - First Chaboche dynamic recovery parameter parameter 
𝑆𝑆1 MPa1-s

1 First Chaboche static recovery prefractor parameter 
𝑠𝑠1 - First Chaboche static recovery prefractor parameter 
𝐶𝐶1 MPa Second Chaboche hardening parameter parameter 
𝛾𝛾1 - Second Chaboche dynamic recovery parameter parameter 
𝑆𝑆2 MPa1-s

2 Second Chaboche static recovery prefractor parameter 
𝑠𝑠2 - Second Chaboche static recovery prefractor parameter 
𝑝𝑝 MPa Pressure descriptive 
𝒔𝒔 MPa Stress deviator descriptive 
ℎ - Stress measure parameter  parameter 
𝑙𝑙 - Stress measure parameter  parameter 

 

Inelastic analysis procedure based on the Grade 91 unified viscoplastic constitutive model for ASME
implementation
August 2019

ANL-ART-167 24



6 
 

�̇�𝒙2 = �
2
3
𝐶𝐶2
𝜕𝜕𝜕𝜕
𝜕𝜕𝝈𝝈

− �2
3
𝛾𝛾2𝒙𝒙2� �̇�𝛾 

where : indicates double contraction of the elasticity tensor on the strain rate.  The elasticity tensor is isotropic, defined 
by the temperature-dependent values of 𝐸𝐸 and 𝜈𝜈 given in Section II, Part D (Metric) Tables TM-1 and PRD.  Section 
II, Part D (Metric) Table TE-1 defines the values of the temperature dependent instantaneous coefficient of thermal 
expansion. 
 
The flow surface is  

𝜕𝜕 = �3
2

(𝒔𝒔 − 𝒙𝒙): (𝒔𝒔 − 𝒙𝒙) − ℎ sign(𝑝𝑝)𝑝𝑝𝑖𝑖 − �2
3

(𝜎𝜎0 + 𝜎𝜎1) 

where 𝒔𝒔 is the stress deviator 

𝒔𝒔 = 𝝈𝝈 −
1
3

tr𝝈𝝈 𝑰𝑰 

with 𝑡𝑡𝑡𝑡 indicating the trace of a tensor, the double-brackets indicating ‖𝒀𝒀‖ = √𝒀𝒀:𝒀𝒀 with : indicating double 
contraction on the tensor, and  

𝒙𝒙 = 𝒙𝒙1 + 𝒙𝒙2 
 
The inelastic strain rate, plastic multiplier, and definition of the threshold stress depend on the applied strain rate and 
temperature: 

�̇�𝜺𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = � �̇�𝜺𝑟𝑟𝑖𝑖 𝑔𝑔 ≤ 𝑔𝑔0
�̇�𝜺𝑟𝑟𝑑𝑑 𝑔𝑔 > 𝑔𝑔0

 

with  

𝑔𝑔 =
𝑘𝑘(𝑇𝑇 + 273.15)

𝜇𝜇𝑏𝑏3
log�

�̇�𝜀0

�̇�𝜀𝑒𝑒𝜕𝜕𝜕𝜕
� 

with  

𝜀𝜀�̇�𝑖𝑒𝑒𝑒𝑒 = �2
3 �̇�𝜺: �̇�𝜺 

with : again indicating double contraction and the shear modulus defined in terms of the Young’s modulus and 
Poisson’s ratio: 

𝜇𝜇 =
𝐸𝐸

2(1 + 𝜈𝜈) 

The strain rate and plastic multiplier are given by  a standard rate-independent update defined by the Kuhn-Tucker 
and consistency conditions for the rate independent case (𝑔𝑔 ≤ 𝑔𝑔0): 

�̇�𝜺𝑟𝑟𝑖𝑖 = �̇�𝛾
𝜕𝜕𝜕𝜕
𝜕𝜕𝝈𝝈

 
�̇�𝛾 > 0 
𝜕𝜕 ≤ 0 
𝛾𝛾𝜕𝜕 = 0 
𝛾𝛾�̇�𝜕 = 0 

The strain rate and plastic multiplier are given by a Perzyna viscoplastic update for the rate dependent case (𝑔𝑔 > 𝑔𝑔0) 

�̇�𝜺𝑟𝑟𝑑𝑑 = �̇�𝛾
𝜕𝜕𝜕𝜕
𝜕𝜕𝝈𝝈

 

�̇�𝛾 = �3
2
〈

𝜕𝜕
�2/3𝜂𝜂

〉𝑖𝑖 

𝑛𝑛 = −
𝜇𝜇𝑏𝑏3

𝑘𝑘𝑇𝑇𝐴𝐴
 

𝜂𝜂 = 𝑒𝑒𝐵𝐵𝜇𝜇𝜀𝜀0̇
−1/𝑖𝑖 

The threshold stress likewise has a different definition in the rate dependent and rate independent regimes 

𝜎𝜎0 = �𝜇𝜇𝑒𝑒
𝐶𝐶 𝑔𝑔 ≤ 𝑔𝑔0

0 𝑔𝑔 > 𝑔𝑔0
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These equations completely describe the model.  Table HBB-Z-1325-2 gives the temperature independent model 
parameters.  Table HBB-Z-1325-3 gives the temperature dependent parameters, which should be interpolated linearly 
between the provided temperature values, with the exception of parameters 𝑆𝑆1 and 𝑆𝑆2 which should be interpolated 
log-linearly. 
 
 

 
 

 

Table HBB-Z-1325-2 
 

Parameter Value Units 
𝑘𝑘 1.38068e-20 mJ/°C 
𝜀𝜀0̇ 1e10 1/s 
𝑏𝑏 2.48e-7 mm 
𝑔𝑔0 0.3496 - 
𝐴𝐴 -9.698 - 
𝐵𝐵 -8.509 - 
𝐶𝐶 -5.119 - 

 

Table HBB-Z-1325-3 
 

Parameter Units 25℃ 400℃ 500℃ 550℃ 600℃ 650℃ 
ℎ - 2e-4 2e-4 2e-4 2e-4 2e-4 2e-4 
𝑙𝑙 - 1.91 1.91 1.71 1.69 1.61 1.51 
𝑄𝑄 MPa -96 -96 -150 -151 -151 -131 
𝛿𝛿 - 2.00 1.71 1.71 1.51 1.51 1.00 
𝐶𝐶1 MPa 14500 15000 19000 19200 19900 19000 
𝛾𝛾1 - 141 141 802 792 803 803 
𝑆𝑆1 MPa1-s

1 1e-15 1e-15 1e-15 1e-15 1e-15 1e-15 
𝑠𝑠1 - 3.5 3.5 5.97 5.97 7.47 9.46 
𝐶𝐶2 MPa 12500 12500 12500 12600 12400 12400 
𝛾𝛾2 - 60.6 60.4 200 200 202 020 
𝑆𝑆2 MPa1-s

2 1e-15 1e-15 1e-15 1e-15 1e-15 1e-15 
𝑠𝑠2 - 3.5 3.5 5.96 5.96 7.51 9.53 
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